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Abstract We propose a classification of thermodynamic
systems in terms of the homogeneity properties of their fun-
damental equations. Ordinary systems correspond to homo-
geneous functions and non-ordinary systems are given by
generalized homogeneous functions. This affects the explicit
form of the Gibbs–Duhem relation and Euler’s identity. We
show that these generalized relations can be implemented
in the formalism of black hole geometrothermodynamics in
order to completely fix the arbitrariness present in Legendre
invariant metrics.
1 Introduction
In the search for a geometric representation of thermody-
namics [1] several methods have been proposed. The first
step to construct a geometric background consists in asso-
ciating a particular space to a given thermodynamic system.
The obvious candidate is the equilibrium space in which each
point represents a state of equilibrium of the system. At any
moment, the system occupies a particular point of the equi-
librium space. If the system undergoes a quasi-static process,
in the equilibrium space it corresponds to a particular path in
which each point represents an equilibrium state. The second
step consists in endowing the equilibrium space with a met-
ric. Although there are several possibilities to do that, only
Riemannian metrics have been extensively considered, giv-
ing rise to the area which is now known as thermodynamic
geometry.
Riemannian geometry was first introduced in statistical




metric the components of which coincide in local coordi-
nates with Fisher’s information matrix. Rao’s original work
has been followed up and extended by a number of authors
and the metric is now known as the Fisher–Rao metric (see,
for instance, [1] for a review). On the other hand, since any
thermodynamic system is completely specified by means of
its fundamental equation, either in the entropy or in the energy
representation [2], in thermodynamic geometry the metric is
usually taken as the Hessian of the fundamental equation. In
this context, Weinhold [4] and Ruppeiner [5] used the Hes-









where Ea (a = 1, . . . , n) represent the extensive variables
from which the thermodynamic potentials U and S depend.
It can be shown that the Ruppeiner metric is conformally
related to the Weinhold metric with the inverse of the tem-
perature as the conformal factor. Moreover, one can introduce
in the equilibrium space another metric as the Hessian of any
thermodynamic potential that can be obtained fromU or S by
means of a Legendre transformation [6]. In general, we can
say that the formalism of thermodynamic geometry utilizes
the fact that to any system corresponds a thermodynamic
potential from which a Hessian can be obtained that is then
used to introduce a Riemannian metric into the equilibrium
manifold.
The formalism of geometrothermodynamics (GTD) is dif-
ferent because it does not assume any particular Hessian met-
ric for the equilibrium space [7]. Instead, the aim of GTD
is to incorporate in a geometric way the well-known fact
that in classical thermodynamics the physical properties of
a system do not depend on the choice of thermodynamic
potential [2]. Since different thermodynamic potentials are
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related by Legendre transformations, in GTD we consider
the invariance under Legendre transformations as the main
condition to be satisfied by all the geometric structures enter-
ing the formalism. It is then expected that the metric for
the equilibrium space emerges as a result of imposing Leg-
endre invariance. To this end, it is necessary to represent
Legendre transformations as coordinate transformations in
the following way [8]: let Z A = {, Ea, I a} be the coordi-
nates of a (2n + 1)-dimensional space T , where a particular
coordinate transformation Z A → Z˜ A = {˜, E˜a, I˜ a} cor-
responds to a Legendre transformation. The important point
about the space T is that, according to the Darboux the-
orem, there exists a canonical 1-form  = d − IadEa ,
Ia = δab I b, such that  ∧ (d)n = 0, i.e.,  is a contact
form on T . Also, one can prove that  is Legendre invariant
in the sense that under a Legendre transformation it behaves
as  → ˜ = d˜ − I˜adE˜a . Another important feature of
this construction is that the equilibrium space E emerges also
in a natural way as a subspace of T . Indeed, consider the
smooth embedding map ϕ : E → T such that the pull-
back ϕ∗() = 0, i.e., d = IadEa on E , implying that
 = (Ea) and Ia = ∂∂Ea . We can now interpret (Ea)
as the fundamental equation in terms of the extensive vari-
ables Ea . Then the pullback condition ϕ∗() = 0 coincides
with the first law of thermodynamics and E and T can be
interpreted as the equilibrium and phase space, respectively.
Moreover, if we suppose that G is a Riemannian metric on
T , the pullback induces in a natural way a metric g on E by
means of g = ϕ∗(G). We thus see that in GTD, we only need
to specify the metric G and the fundamental equation (Ea)
in order to find all the geometric properties of the equilibrium
space E .
According to GTD, the phase space is a (2n + 1)-
dimensional Riemannian contact manifold (T ,, G) with
coordinates Z A = {, Ea, I a}. As we have seen, the con-
tact 1-form  is Legendre invariant. For the phase space to
have the same property, we must demand that G be invariant
under Legendre transformations too. In addition, we impose
the requirement that in the case of an ideal gas the metric g
is flat in order to interpret the curvature of E as a measure
of thermodynamic interaction. Under these conditions, the
most general metrics that are used in GTD can be split into
two classes [9,10]
G
I/I I = (d − IadEa)2 + (ξabEa I b)(χcddEcdI d), (2)
which are invariant under total Legendre transformations and
a third class (summation over all repeated indices)
G
I I I = (d − IadEa)2 + (Ea Ia)2k+1 dEadI a, k ∈ Z,
(3)
which is invariant with respect to partial Legendre transfor-
mations. Here ξab and χab are diagonal constant (n × n)-
matrices. If we choose χab = δab = diag(1, . . . , 1), the
resulting metric G
I
can be used to investigate systems with
at least one first-order phase transition. Alternatively, for
χab = ηab = diag(−1, . . . , 1), we obtain a metric GI I which
has been used to describe systems with second-order phase
transitions.
Thus, we see that the only arbitrariness that remains in the
GTD metrics is contained in the diagonal matrix ξab which
has n arbitrary constants. In this work, we will show that in
fact this arbitrariness can be fixed, if we take into account the
extensivity property of thermodynamic systems. In Sect. 2,
we propose to classify thermodynamic systems in ordinary
and non-ordinary systems. This classification can be defined
exactly in terms of the homogeneity properties of the funda-
mental thermodynamic equations. Then, in Sect. 3, we derive
the main thermodynamic identities which are used to fix the
free parameters of the GTD metrics. Finally, in Sect. 4, we
explain how to implement our results to avoid non-physical
results that can arise when applying the GTD formalism to
non-ordinary systems.
2 Extensivity of thermodynamic systems
In classical thermodynamics, any system can be given in
terms of its fundamental equation [2] which, using the nota-
tion introduced in the previous section, corresponds to the
function (Ea), determined by the smooth map ϕ : E → T .
Strictly speaking, a function (Ea) can be a fundamental
equation only if all the variables Ea and the thermodynamic
potential  are extensive, implying that the thermodynamic
potential  must be identified either with the entropy S or
with the internal energy U . This means that the fundamental
equation can be given only in two different forms which are
usually called entropy and energy representations. These two
representations are somehow privileged in the sense that they
are the only ones involving just extensive variables. For this
reason, we denote the entropy and the energy as fundamental
thermodynamic potentials. Legendre transformations allow
us to generate from S and U new thermodynamic potentials
which we will call Legendre potentials; their main charac-
teristic is that they depend at least on one intensive variable.
Extensivity is therefore an important physical property
of fundamental potentials in classical equilibrium thermody-
namics. This property can be expressed as a mathematical
condition of the fundamental equation, namely, it must be
a homogeneous function of all variables, i.e., a rescaling of
all the extensive variables is equivalent to a rescaling of the
fundamental potential:
(λEa) = λβ(Ea), (4)
where λ is a real constant and β > 0 is the degree of homo-
geneity. Ordinary thermodynamic systems are usually char-
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acterized by β = 1. This means that the total value of an
extensive variable in a systems is equal to the sum of all
values in each component of the same system. This implies
that the fundamental potentials S and U are proportional,
for instance, to the number of components and to the vol-
ume of the entire system. Intensive variables are different
because they have the same value in the entire system and
in all its components. This means that they are not affected
by a rescaling and, therefore, their degree of homogeneity is
zero.
Non-ordinary thermodynamic systems can be understood
in terms of their degree of homogeneity. If 0 < β < 1,
the system is subextensive whereas for β > 1, it is called
supraextensive. It can therefore be expected that, in general,
intensive variables are characterized by values β ≤ 0. A
particularly interesting example of non-ordinary systems are
black holes. Indeed, the entropy of a black hole is not propor-
tional to the volume, but to the area of the horizon, as postu-




The most general black hole in Einstein–Maxwell theory
depends on only three parameters, namely, mass M , angular
momentum J and electric charge Q. Then the fundamental
equation becomes [14]
S = π(2M2 − Q2 + 2
√
M4 − J 2 − M2Q2), (6)
which is, however, not a homogeneous function, although
from a physical point of view all the variables are exten-
sive. Therefore, for non-ordinary thermodynamic systems,
we propose to use a generalized definition of extensivity
which is represented by generalized homogeneous functions,
i.e., the functions (Ea) satisfying the rescaling condition
[15]
(λβ1 E1, . . . , λβn En) = λβ(E1, . . . , En), (7)
where βa = (β1, . . . , βn) are real constants, and β is the
degree of generalized homogeneity. It is then easy to see that
the fundamental equation (6) is a generalized homogeneous
function of degree βS , if the conditions
βJ = 2βM , βQ = βM , βS = 2βM , (8)
are satisfied.
The consistency of this definition of generalized exten-
sivity can be shown by considering the second fundamental














This is a generalized homogeneous function of degree βM
for the choice
βJ = βS, βQ = 1
2
βS, βM = 1
2
βS, (10)
which is consistent with the conditions (8). Notice that, in
general, extensivity is a property of the fundamental poten-
tials only. Indeed, all the Legendre potentials depend on at
least an intensive variable which in the case of ordinary sys-
tems is of degree zero. Then one can rescale only the exten-
sive variables, keeping unchanged all the intensive variables.
3 Thermodynamic identities
The extensivity properties of thermodynamic systems lead to
a number of identities which are useful for the investigation of
physical properties. Consider the generalized homogeneous
function (7) and compute the derivative with respect to the
parameter λ on both sides of the equation. Evaluating the




E1 + · · · + βn ∂
∂En
En = β. (11)
From the first law d = IadEa , we see that Ia = ∂∂Ea .
Then the above equation can be expressed as
βab I
a Eb = β, with βab = diag(β1, . . . , βn), (12)
which in the case of ordinary systems reduces to Euler’s
identity with βab = δab.
In the particular case of black holes, the first law implies
that
dM = T dS + dJ + φdQ, (13)
where T is the temperature,  is the angular velocity on the
horizon, and φ is the electric potential. Then from Euler’s
identity we obtain
M = 2T S + 2J + φQ, (14)
which can be recognized as the Smarr formula for black holes
[14].
Computing the derivative of Euler’s identity, and using the
first law of thermodynamics, we obtain
(βab − βδab)I adEb + βabEbdI a = 0, (15)
which is the Gibbs–Duhem relation for non-ordinary sys-
tems. In the case of ordinary systems with degree of homo-
geneity β = 1 and βab = δab, we obtain the standard result.
We now investigate how the thermodynamic identities can
be used in the GTD metrics. As mentioned above, the metric
g of the equilibrium space E is induced canonically by means
of the pullback ϕ∗(G) = g. Then, from the metric (2), we
obtain
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g
I/I I = (ξabδbcEa,c)(χ ba ,bcdEadEc), (16)
with




The arbitrariness is contained in the conformal factor of
the metric g
I/I I
. In the case of ordinary systems, we can
choose ξab = δab so that the conformal factor becomes β.
This is the choice that has been used to analyze several exam-
ples in the GTD formalism. In the case of non-ordinary sys-
tems, we can still use ξab = δab, in which case the confor-
mal factor is not necessarily proportional to the fundamental
potential . Therefore, to obtain a general result which is
valid in all possible cases, we choose
ξab = diag(β1, . . . , βn), (18)
which together with the generalized Euler identity (12)
implies that the general metric for the equilibrium space
becomes
g
I/I I = β (χ ba ,bcdEadEc), (19)
which is a metric with no arbitrary constants at all.
We thus see that the n constants contained in ξab, which
the Legendre invariance condition leaves arbitrary, become
now fixed and correspond to the degree of homogeneity of
the extensive thermodynamic variables.
4 Conclusions
In this work, we use the extensivity property of thermody-
namic systems in order to classify them into ordinary and
non-ordinary systems. The first class are represented by fun-
damental equations which correspond to homogeneous func-
tions, whereas systems of the second class are described by
generalized homogeneous functions. This classification leads
to a set a generalized thermodynamic identities which relate
the thermodynamic potentials and its derivatives. We use
in particular the generalized Euler identity to fix the only
remaining arbitrariness of the Legendre invariant metrics
used in GTD. As a result, we find that all the GTD met-
rics that are invariant under total Legendre transformations
induce in the equilibrium space conformal metrics which
contain essentially the thermodynamic potential in the con-
formal factor.
In a previous work [16], it was pointed out that some black
hole configurations, when analyzed within the framework
of the GTD formalism, are characterized by a phase transi-
tion structure which does not coincide with the one obtained
in black hole thermodynamics. The results obtained in the
present work clarify all the particular cases analyzed in [16].
Indeed, since all the components of the GTD metric used to
describe black hole configurations are in general proportional
to the thermodynamic potential , any curvature singularity
which follows when the condition  = 0 is satisfied can be
considered as unphysical because it corresponds to a config-
uration with no mass or no entropy.
Another point criticized in [16] was regarding the non-
homogeneity of a particular Legendre potential. As we have
shown here, in general a Legendre potential cannot be given
in terms of a homogeneous functions, because it contains at
least one intensive variable which cannot be rescaled as an
extensive variable.
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